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This paper describes the use of full-span deforming control surfaces (including controlled chordwise cambering
of the wing) to provide effective subsonic induced drag control with precise control of the spanwise lift distribution.
Examples of these proposed controllers are smart, adaptive actuators for advanced unmanned air vehicle concepts.
Reshaping the wing spanwise lift distribution with aeroelastic tailoring concepts is shown to reduce induced drag
at high airspeeds. Active controllers such as conventional ailerons or leading-edge devices also reduce induced
drag if they have a tailored spanwise deflection pattern; the required deflections of these surfaces depend on wing
deformation and can be so large that they are not practical. Combining wing aeroelastic stiffness tailoring with
active control surface design to create a “control-friendly structure” reduces induced drag and requires only small
controller inputs. An exact solution for the actuator deflections to generate an elliptical lift distribution for the
aeroelastic wing, for minimum induced drag, is discussed. A formal optimization problem is posed for cases in
which multiple surfaces are used to control drag. This controller optimization solution is complicated because
aeroelastic phenomena, such as control reversal, limit the effectiveness of some actuators at high speed.

Nomenclature
[Ai j ] = aerodynamic influence coefficient matrix
[Bi j ] = [(1/q)[Ai j ] − [Ci j ]]
[Ci j ] = wing structural flexibility matrix
E I = bending stiffness
[Ei j ] = matrix relating flexible change in wing angle of attack

to control surface deflection
G J = torsional stiffness
g = K/G J
K = bending-torsion coupling
k = K/E I
M = bending moment or flight Mach number
q = flight dynamic pressure, psi
T = torsional moment
U∞ = freestream airspeed
Wi = span of actuator segment, nondimensionalized with

respect to the wing semispan
w = vertical displacement of wing section
[Zi j ] = diagonal matrix relating sectional change in wing

apparent angle of attack to control surface deflection
(Zii = ∂αi/∂βi )

αr = rigid wing angle of attack, radians
βi = control surface deflection at each wing section, radians
γ = primary stiffness angle of single lamina with respect to

spanwise reference axis (+ clockwise)
δ = induced drag parameter
ε/c = vertical displacement of chordwise wing centroid in

active parabolic wing cambering, nondimensionalized
with respect to the local chord
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θ = wing sectional twist
υ = weighted actuator effort parameter(√∑
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i

)
ψ2 = K 2/(E I · G J )
{1}T = row vector of ones

Introduction

I N addition to its importance for high-speed fighter maneuvers,
small drag reductions provide worthwhile increases in airplane

range or airplane loiter time. Our goal is to combine aeroelastic
tailoring with active control surface deformation to create a “user-
friendly structure” to host an active control system that reshapes the
wing spanwise lift distribution to reduce induced drag.

Reference 1 explores how and under what circumstances com-
bining aeroelastic tailoring with actively controlled deformation can
reduce wing subsonic, induced drag. That study was followed by
another described in Ref. 2. The types of active deformation control
considered in Ref. 2 were ailerons, leading-edge devices, and active
cambering. This paper summarizes trailing-edge device (aileron)
induced drag reduction. Aeroelastic tailoring is a term broadly ap-
plied to the intentional use of directional structural stiffness fea-
tures to improve measures of structural or aircraft performance (not
necessarily least weight). Tailoring is automatically applied when
aircraft multidisciplinary optimization includes advanced compos-
ite material design variables such as laminate thickness, number of
plies, and laminate orientation. The measures of performance are
broad also, but they certainly include increased flutter speed and
lift effectiveness. Figure 1 summarizes multidisciplinary benefits of
laminate tailoring or stiffness orientation.3 The structural reference
axis shown is the conventional wing structure elastic axis running
outward along the swept wing itself. The term “primary stiffness”
refers to the locus of points where the structure exhibits the most
resistance to bending deformation. This location can be tailored by
laying out stiffeners, ribs, or skin to rotate the principal stiffness
axis fore or aft of the conventional elastic axis. Aeroelastic tailoring
objectives in Fig. 1 conflict; a designer needs a formal optimization
procedure to balance multidisciplinary conflicts or requirements for
a specific design.

157



158 WEISSHAAR AND DUKE

Fig. 1 Laminate directional orientations to achieve selected aeroelastic
performance.1

Wash-out laminates are identified traditionally with drag reduc-
tion, although there is not an all-encompassing, published study of
the effects of laminate orientation on wing-induced drag. The most
comprehensive aeroelastic tailoring studies for fighter aircraft with
performance constraints such as drag are from a group at General
Dynamics, Ft. Worth (now Lockheed-Martin, Ft. Worth). Reference
4 is typical of their studies and their breadth of application.

The effects of aeroelastic distortion itself on induced drag have
been known for at least 40 years,5,6 and the effect of spanwise lift
distribution itself has been recognized for 80 years. One of the old-
est classical aerodynamic optimization problems is the spanwise
distribution of lift required to produce minimum induced drag. This
problem was addressed and solved by Munk in 1921; he showed that
the wing planform shape with minimum drag was one that generated
an elliptical lift distribution.7 The elliptical lift distribution gives a
constant downwash in the far-field wake. A succinct discussion of
Munk’s result is given by R. T. Jones.8 He points out that the ellip-
tical distribution solution is optimal only if the wing span is fixed.

Jones also discusses the optimization result that occurs when the
wing structure has a structural strength constraint placed on it, but the
wing span is allowed to increase or decrease. This problem, which
Jones attributes to Prandtl, uses an averaged bending moment as a
constraint. The result is that, with a limited bending moment, the
downwash distribution in the far wake is parabolic, not uniform.
These results show that induced drag can be reduced by extending
the span and changing the chordwise geometry distribution (and
presumably reducing the weight of the internal structure to support
these loads). In all of our work to be discussed, the planform shape
is fixed.

Designers routinely shape the wing lift distribution for minimum
drag by tailoring the local “rigid” angles of attack along the wing
to produce a low-drag lift distribution. This rigid twist distribution
might not account for the aeroelastic effects of wing flexibility.
Although the spanwise distribution of aerodynamic angle of attack
(aerodynamic and geometric twist or “jig shape”) determines the
induced drag, a low-drag design is good only at a preselected design
point. This design point is a combination of aircraft Mach number,
altitude, and weight. Because aircraft weight, speed, and altitude
change during flight operations, the wing design shape is optimal
at only one mission design point. In addition, aeroelastic distortion
will deoptimize the wing depending on the operational airspeed.
Clearly, some active means is desirable to minimize drag throughout
the operational flight envelope.

The idea of controlling aerodynamic performance by active, me-
chanically controlled distortion of wings is not new. For instance,
in 1979, Elber9 filed a patent entitled “Means for Controlling Aero-
dynamically Induced Twist.” His controller was a long torque tube
located inside the wing, extending from the actuator at the root to an
attachment at the tip so that it could twist the wing tip and control
swept-wing lift effectiveness. He did not claim to directly control
drag.

At about the same time, programs like the Transonic Aircraft
Technology Program10−16 had performance optimization objectives
involving limit load maneuvering; this required actively reshaping
the spanwise lift distribution with an internal mechanism for chord-
wise wing bending to force variable camber shapes. Through cam-
ber control, drag polars were reshaped to reduce drag at operational
airspeeds and to reduce critical wing bending moments.

Theoretically, the constant span drag-reduction objective trans-
lates into making the spanwise lift distribution as close to ellipti-
cal as possible, as long as strength requirements are not violated.
This experiment was a great success, although the internal mech-
anisms required to for reshaping were heavy because they were
designed to operate on an unmodified, stiff structure. Recently, a
procedure to control drag by aileron/flap deflection on an L-1011
aircraft was tested by NASA Dryden Flight Research Center.17 This
procedure used real-time performance optimization and in-flight
measurements to reduce drag on an L-1011 test aircraft. This scheme
used a pair of symmetrical ailerons.

Two other innovative approaches to active/passive control of aero-
dynamic performance are worth mentioning. The first is the use of
active materials and adaptive actuators for aeroelastically leveraged
control. Advanced actuators, including piezoelectric devices with
“smart” structures, have been proposed for small airplane control.18

This control includes rolling and climbing, as well as control of tran-
sonic drag.19 Second, there has been interest in improving lateral
roll authority by intentionally reducing stiffness (the active flexible
wing/active aeroelastic wing) and then controlling the aeroelastic
response. This concept has been studied extensively for at least 15
years.20−27 This aircraft control approach was also the subject of a
patent filed by Tulinius in 1990 and granted in 1992 (Ref. 28). The
intent of this effort is to provide a control system that is effective
beyond the normal aileron reversal speed, not necessarily to focus
on decreased drag itself.

Most formal multidisciplinary design-optimization efforts use
aircraft component weight as an objective function and aircraft per-
formance as a formal or implied constraint. Our study has three goals
that make it different than previous studies. First of all, few studies
have had as their objective the use of formal optimization meth-
ods to find structural planform configurations to reduce drag. We
will demonstrate the effects of wing laminate design and its aeroe-
lastic influence on induced drag. Finally, we will define a formal
optimization problem to produce a wing/actuator design to reduce
drag.

Our main findings are that, over a broad range of airspeeds, wing-
induced drag can be reduced with either passive-wing aeroelastic
tailoring, actively controlled actuators, or a combination. When used
in combination, induced drag can be minimized with minimal ac-
tuator input if the structure is tailored properly. In addition, when
a continuous full-span actuator is used, the required control deflec-
tions to reduce induced drag to a minimum can be determined from a
closed-form problem solution, without formal optimization. Finally,
we show that the formal optimization problem for drag reduction
must have proper constraints to find the correct control deflections.

Choice of Models
Wing structures are complex assemblages of interconnected el-

ements with diverse, multidisciplinary objectives and constraints.
The challenge is to develop a mathematical model that will sat-
isfy the special demands of a conceptual/preliminary design group
where understanding and innovation are of prime importance. Our
model is simple enough to provide quick solutions for understand-
ing, yet complex enough to display features such as spanwise lift
distribution and the essential effects of laminated wing design. The
study model, shown in Fig. 2, is a cantilevered, elastically coupled
beam structure that has three structural stiffness parameters and two
characteristic wing deflections, bending and torsion, to describe the
static response of a wing to aerodynamic loads.29,30

The wing planform geometry shown in Fig. 2 is typical of a
low-speed aeroelastic wind-tunnel model. The wing is divided into
discrete streamwise panels, as shown in Fig. 3; each panel is de-
fined by its panel width and the streamwise x and cross-streamwise/
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Fig. 2 Wing planform used for study; root chord 17.74 in. (450.6 mm);
aerodynamic aspect ratio 6.53 for the untapered wing (based on the
span).

Fig. 3 Discretized analytical model showing control surface discretiza-
tion and structure location within the wing.

Fig. 4 Aeroelastic wing aerodynamic model.

spanwise y location from the wing-root midchord to the panel cen-
troid. The structural stiffness derives from a laminated box-beam
whose upper and lower elements carry the aerodynamic load. Con-
tinuous, compliant actuators with a flap-to-chord ratio of 0.15 (both
leading- and trailing-edge actuators) are represented by discrete el-
ements that surround the structural surface. The aerodynamic por-
tion of the analysis uses a simple, but accurate, aerodynamic model
for spanwise lift calculation, as indicated in Fig. 4. The deviation
in induced drag from the minimum (elliptical lift distribution) is
computed using Fourier-series coefficients to describe the actual lift
distribution.

The wing box derives all of its stiffness from advanced composite,
laminated wing skin material. This wing-box skin uses an x ′ − y′

coordinate system with the positive x ′ axis directed aft on the wing;
the positive y′ axis lies along the swept wing span at the chordwise
centerline of the wing as indicated in Fig. 5. The laminate ply angle

Fig. 5 Laminate stiffness tailoring parameter definition.

zero (reference) corresponds to the principal and secondary stiff-
nesses aligned with the y′ and x ′ axes, respectively, or the primary
stiffness along the swept-wing span. The ply angle rotation from
this position is γ , measured positive clockwise as shown.

The relationship between the internal wing-box moment resul-
tants and derivatives of wing deformation is written as follows:{

M
T

}
=

[
E I −K
−K G J

]{
∂2w/∂y2

∂θ/∂y

}
(1)

The flexibility relationship is written as{
∂2w/∂y2

∂θ/∂y

}
= 1

1 − kg

[
1/E I g/E I
g/E I 1/G J

]{
M
T

}
(2)

The flexibility matrix must be positive definite, so that (1 − kg) > 0.
This leads to the definition of the parameter �2 = K 2/
(E I · G J ) < 1, which is bounded:

−1 < � < 1 (3)

This parameter defines the type and extent of the bend-twist
deformation coupling. Wash-out laminates (bend-up/twist-down)
have negative K (or �) values, whereas wash-in laminates (bend-
up/twist-up) have positive K values. Negative K parameters are
associated with laminated construction with large numbers of
plies swept forward of the structural reference axis, as shown
in Fig. 5.

Passive Aeroelastic Induced Drag Reduction
To show how airspeed, sweep angle, and taper ratio affect induced

drag, we used our method to calculate the spanwise lift distribution
and the resulting induced drag for a wing planform with different
laminate ply angles. In each of Figs. 6–8, the fractional drag in-
crease parameter δ is plotted on the vertical axis, whereas laminate
ply angle γ is plotted on the horizontal axis. The parameter δ is
the fractional change in induced drag above that for minimum drag
(induced drag will not be zero, only a minimum). For instance, δ
equal to 0.10 means that there is a 10% increase in induced drag
above the minimum found when the spanwise lift distribution is el-
liptical. The other independent parameter is airspeed U∞. Laminate
induced washout (negative K ) is associated with laminate ply angles
between 0 and 90 deg, whereas wash-in (positive K ) corresponds
to ply angles between 0 and −90 deg. Also note that the starred line
in Figs. 6–8 marks ply angle and airspeed combinations for which
the wing diverges.

Figure 6 shows that induced drag on the unswept, untapered
wing changes with airspeed and might depend strongly on the lami-
nate ply angle and the stiffness coupling created by the laminate
design. Aeroelastic distortion on isotropic and orthotropic lami-
nated wings produces twist that tends to load up outboard wing
sections and distort any elliptical or near elliptical lift distribution
that might have been present at lower airspeeds. Laminate induced
washout tends to restore the “good” lift distribution. For some ply
angles, the drag change remains small even if the airspeed changes
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Fig. 6 Effect of laminate tailoring upon induced drag; untapered,
unswept wing with structural aspect ratio 4.7.

Fig. 7 Effect of laminate tailoring on induced drag; untapered wing
swept aft 30 deg.

a great deal; these correspond to bottoms of the narrow valleys
in Fig. 6.

Laminate aeroelastic tailoring reduces induced drag, but it can-
not make δ equal to zero. When aeroelastic effects are pronounced
(at higher airspeeds), the effect of laminate coupling is particularly
important because coupling of bend/twist aeroelastic distortion pro-
duces large changes in the spanwise lift distribution and, as a result,
a large change in induced drag. The valleys in Fig. 6 also become
narrower as airspeed increases, indicating that drag sensitivity to
laminate orientation increases at higher airspeeds.

The effect of laminate design and orientation on untapered wing-
induced drag when the wing is swept aft 30 deg is shown in Fig. 7.
The laminate coupling feature that produces the drag reduction for
the sweptback wing is wash-in. This is opposite to that observed for
the unswept wing.

Finally, Fig. 8 shows the effect of laminate rotation for a 30-deg
aft swept wing with taper (similar to the wing planform of Fig. 5).
Both taper and positive sweep shift the location of the narrow valleys
in the plots toward more pronounced wash-in laminates.

Figure 9 plots both the elliptical and aeroelastic spanwise lift
distributions against laminate ply angle for the unswept, untapered
wing at a freestream airspeed below the divergence airspeed. The
area under each lift distribution curve is constant so that that we
have constant wing lift at any laminate design. Note that there is a
“hump” in the spanwise lift distribution in the wing outboard region
associated with wash-in laminates near γ = 60 deg; here the wing
is close to static divergence.

Fig. 8 Effect of laminate tailoring on induced drag; 30-deg aft swept
wing; taper ratio = 0.3.

Fig. 9 Elliptic lift distribution compared to the aeroelastic lift distri-
butions for different laminate ply angles.

Figure 9 shows that the lift distribution has two ply angles that
create spanwise lift distributions that are nearly elliptical. These
two distributions, marked by heavy lines in Fig. 9, correspond to
laminates located in the two valleys in Fig. 6. Although these lift
distributions are nearly elliptical, Figs. 6–8 show that absolute mini-
mum induced drag (δ = 0) cannot be attained using only aeroelastic
stiffness tailoring.

Active Static Aeroelastic Control
Controller arrays can be used to reshape the wing spanwise lift

distribution at all flight speeds to drive the drag parameter δ to
zero and minimize induced drag. However, the distribution of the
actuator input and the power required depend on laminate ply an-
gle because laminate angle controls the baseline drag and controls
bend/twist coupling that helps or hinders the control surface in its
lift distribution shaping mission.

Power required for lift distribution reshaping and drag reduction
depends on the aileron (controller) spanwise (or chordwise) location
and geometric size. Conventional airplane configurations have only
one or two discrete ailerons. However, new adaptive wings have been
proposed with smart actuators that extend along the entire leading
and trailing edges; their spanwise deflection pattern along the span
is continuous and precisely controlled. These actuator arrays in-
clude ailerons, leading-edge surfaces, active chordwise cambering,
a combination of these three controllers, or other advanced control
actuator devices.
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Let us examine the wing static aeroelastic equilibrium equations
for our wing idealization when it is operating in subsonic flow. These
equations provide a matrix expression for spanwise lift as a function
of wing spanwise angle-of-attack distribution (including aeroelastic
effects) and control surface deflections. The static equilibrium of
forces and moments along the wing reference axis is written in
matrix form as30,31

[(1/q)[Ai j ] − [Ci j ]]{l j } = {αr } + [[Zi j ] + q[Ei j ]]{β j } (4)

The matrix [Bi j ] = [(1/q)[Ai j ] − [Ci j ]] is the aeroelastic flexibil-
ity matrix for the symmetrical, cantilevered wing. This matrix is
a function of the distribution of aerodynamic derivatives along the
wing, either estimated or measured, as well as planform geometry
and structural stiffness. The distribution of known initial angles of
attack along the wing is given by {αr } (a rigid-body angle distri-
bution), whereas the distribution of control surface deflections is
given by {βi }. In our studies we used a constant angle for the dis-
tribution of {αr } so that all wing sections had the same initial angle
before they were loaded. The matrices [Zi j ] and [Ei j ] are functions
of controller aerodynamic derivatives, location, and wing stiffness.
We rewrite Eq. (4) as

[Bi j ]{l j } = {αr } + [[Zi j ] + q[Ei j ]]{β j } (5)

so that the lift distribution is

{li } = [Bi j ]
−1{αr } + [Bi j ]

−1[[Zi j ] + q[Ei j ]]{β j } (6)

This lift distribution is used to estimate the induced drag at this
flight condition. Equations (5) and (6) are key relationships; we
can treat one of the three sets of variables ({αr }, {βi }, or {li }) as
an unknown, whereas the other two are known inputs. In Eq. (6)
the lift distribution is the unknown; for drag reduction {βi } is the
unknown.

Our design objective is to combine aeroelastic tailoring and active
control surfaces to change the uncontrolled lift distribution to an
elliptical spanwise lift distribution (or any other distribution favored
by the designer). With full-span ailerons, full-span leading-edge
devices, or full-span camber bending, a closed-form solution for the
control deflections necessary to produce an elliptical lift distribution
for minimum drag results from Eq. (5)

{βi } = [[Zi j ] + q[Ei j ]]
−1[[Bi j ]{l j }elliptical − {αr }] (7)

With wing camber bending control, or other advanced control
scheme, the spanwise distribution of active camber {ε/c} or other
controller input replaces {βi } in Eq. (7), whereas the aerodynamic
derivatives with respect to camber or controller input replace those
used in the matrices [Zi j ] and [Ei j ] for the continuous compliant
aileron.31

To illustrate how laminate tailoring can reduce control surface
deflections necessary to create an elliptic lift distribution, we chose
a laminated wing with 30-deg sweep, aileron flap-to-chord ratio
0.15 and a taper ratio of 0.30. Figure 10 is typical of the amount of
trailing-edge deflection required when full-span continuous ailerons
are used to create an elliptical spanwise lift distribution. Results
were calculated at two different subsonic Mach numbers, M = 0.2
and M = 0.4, at sea level. The wing laminated structural box has
60% of its outer plies rotated an amount γ .

Note that the orthotropic laminate design (γ = 0) requires large
aileron deflections at low and high speeds; the aileron deflec-
tion distribution changes with airspeed because of aeroelastic ef-
fects. Figure 10 shows that a laminate design with −21.6 deg
(wash-in) can control induced drag with small surface deflections.
These results are consistent with previous results that indicate
that wash-in (+K ) is desirable for drag reduction for aft swept
wings.

Although the results shown in Fig. 10 can be used to identify the
best laminate design, it is better to use a formal metric to evaluate
the controller effectiveness. Energy or power required to operate,

Fig. 10 Aileron deflection angles needed to minimize induced drag;
30-deg swept wing, flap-to-chord ratio of 0.15; taper ratio 0.30.

Fig. 11 Influence of laminate tailoring and airspeed on actuator deflec-
tions for induced drag minimization, showing small and large deflection
designs. Uniform planform wing design.

deflect, or deform the control surfaces is a good choice. However,
the information necessary to compute power and energy is not avail-
able at this stage of design. However, energy input to the actuators
is related to their rotational deformation. As a result, we chose a
weighted actuator effort parameter that is sum of the squares of
controller deflection. For our present model this metric is defined as
an effort metric,

υ =
√∑

i

Wiβ
2
i

Figure 11 is a top view of a three-dimensional plot with three
parameters: the effort metric υ (plotted out of the page), lami-
nate ply angle γ , and airspeed U∞. The curves labeled “mini-
mum energy control” in Fig. 11 are associated with valleys in
which relatively small values of control effort υ required to cre-
ate an elliptical lift distribution. The laminate designs that cor-
respond to these minimum effort valleys are the same laminate
designs that produce the minimum δ valleys in Figs. 6–8, with-
out active control. Also identified is divergence static instability
combinations.
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The two curves in Figure 11 marked “lift redistribution ineffec-
tiveness” and “postdivergence ineffectiveness” trace out ridges with
large values of υ. A third curve at the top of Fig. 11 also identifies
the same effect. These three curves locate combinations of airspeed
and laminate angles where the actuator energy to create an elliptic
lift distribution is extremely large (or even infinite, implying that
the control cannot create changes in lift with these combinations).
These regions are much like classical aileron reversal regions. If the
second term on the right-hand side of Eq. (4) is set equal to zero, the
control ineffectiveness condition labeled “lift redistribution ineffec-
tiveness” in Fig. 11 is reproduced. Note that this locus is predicted
by an eigenvalue problem, written as

[Ei j ]
−1[Zi j ]{β j } = −q0{β j } (8)

At this dynamic pressure q0, there is a self-equilibrating deflec-
tion shape {βi } that places the wing in static equilibrium without
changing the wing lift distribution, no matter what the magnitude
of the control deflection.

At a flight dynamic pressure corresponding to the lowest value
eigenvalues in Eq. (8), the control surface deflection pattern to cre-
ate an elliptical lift distribution has a large component of the first
eigenvector of the problem defined in Eq. (8). As a result, very large
control deflections are necessary to create the elliptical distribution.
When the dynamic pressure is increased, the aileron deflections for
minimum drag reverse and are opposite to those found at slightly
lower airspeeds.

This behavior is a reversal-like phenomenon peculiar to this drag-
reduction objective. The combination of control surfaces to create
a drag-reduction control law can create a deformation shape along
the wing that is statically stable, but whose aeroelastic forces and
moments create no net lift. There are as many deformation forms
as there are degrees of freedom, but each deformation form has a
special dynamic pressure associated with it because the effect is
aeroelastic.

Optimization Problem
To identify and refine wing structural designs, we need high-

fidelity models and a more sophisticated approach than that dis-
cussed earlier. The well-defined minimum induced drag “valleys”
in Figs. 6–8 suggest the definition of a formal optimization problem
to find the best laminate ply orientation to reduce drag. The mini-
mum induced drag valleys of Fig. 6 and the minimum control effort
valleys of Fig. 11 occur at nearly the same laminate angles. Finding
the minimum induced drag laminate design and then adding the ac-
tive controls gives a good controller design very near the minimum
energy and power requirements for the cases we examined. On the
other hand, there is no assurance that this will be the case for other
classes of wings.

It appears that an effective approach is a sequential approach in
which we first find the optimum laminate design and then solve a
second optimization problem to find control surface deflections. The
formal optimization problem for laminate angles is stated as follows:

Minimize:

δ(γ )

Subject to:

γmin < γ < γmax

U∞ = x miles/hour (the design flight speed)

A one-dimensional search algorithm, such as the Golden Sec-
tion method, can solve this optimization problem. As indicated in
Figs. 6–8, the design space is nonconvex; as a result, optimization
can favor a local minimum over the global minimum. Starting the
optimization from several initial guesses allows us to find and com-
pare both minima.

The induced drag minimizing laminate design was found using
a modified Golden Section method32 at several airspeeds for the

Table 1 Optimum laminate designs with corresponding induced
drag parameter δ at several airspeeds; unswept, untapered wing

Airspeed, γopt δmin γopt δmin

mph (global), deg (global) (local), deg (local)

60 39.7 0.017 39.7 0.017
180 75.3 0.021 7.9 0.029
300 77.3 0.036 6.6 0.071
420 77.8 0.077 6.2 0.203

Table 2 Comparison of induced drag with optimum and fixed
laminate designs at several airspeeds; unswept, untapered wing

% increase
γopt compared

Airspeed, (420 mph), γopt, δmin to absolute
mph deg deg (γopt@420mph) δmin minimum

60 77.8 39.7 0.031 0.017 82.4
180 77.8 75.3 0.032 0.021 52.4
300 77.8 77.3 0.040 0.036 11.1
420 77.8 77.8 0.077 0.077 0.0

unswept, untapered wing model. The results are summarized in
Table 1.

Note that at the higher airspeeds the optimum laminate design
is nearly constant over a range of airspeeds. Table 2 compares the
global minimum induced drag parameter at different design air-
speeds to the induced drag parameter found if the highest airspeed
is chosen as the design speed for the laminate tailoring. Choosing
a laminate design using the highest flight speed causes an increase
in δ compared to the best laminate designs at lower flight speeds.
The greatest difference is at the lower airspeeds. However, choos-
ing a design airspeed in the midrange of airspeeds results in large
increases in δ at higher speeds.

Induced Drag Minimizing Actuator Deflections
We have demonstrated the ability of a formal optimization

method to locate laminate orientations to minimize drag. The sec-
ond part of the problem is to find the controller deformations to
further reduce drag. We have previously done this by develop-
ing a closed-form solution to this problem. However, it is neces-
sary to use formal optimization to find induced drag minimizing
control surface rotations instead of relying on the closed-form so-
lution presented in Eq. (7) in cases that include 1) actuator de-
flection limits; 2) cases in which the number of controllers ex-
ceeds the number of equations, for example, both leading-edge
and trailing-edge devices used simultaneously; and 3) use of par-
tial span control surfaces where there are fewer controllers than
equations.

For full-span compliant or segmented actuators, the actuator de-
flection distribution must be changed with design flight speed. For a
given structural design, the control deflection optimization problem
can be formally stated as follows:

Minimize:

δ(β j )

Subject to inequality constraints:
1) ∣∣{1}T [Bi j ]

−1[[Zi j ] + q[Ei j ]]{β j }
∣∣ − ε ≤ 0

with
2)

−5 deg < β j < 5 deg

and
3)

U∞ = x miles/hour (design flight speed of interest)
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Fig. 12 Comparison of closed-form and underconstrained optimiza-
tion lift distributions.

Fig. 13 Comparison between closed-form and fully constrained opti-
mization lift distributions.

The inequality constraint 1) is necessary to ensure that the total lift
on the wing is constant during optimization. This constraint sums
the additional lift produced by the actuator deflections and restricts
it to be nearly zero, to within a small number ε. Although setting ε
to zero would constrain the total additional lift to be exactly zero,
the sequential-quadratic-programming optimization algorithm used
in this study32 behaves better and finds the solution faster if ε is set
to a small number (e.g., 10−4).

Figure 12 shows optimization results obtained without the first
constraint, using only maximum surface deflection as a constraint.
The total lift after optimization is elliptical, but it is greater
than the uncontrolled lift. When the first constraint is added,
the results are identical to the closed-form solution, as shown
in Fig. 13.

Conclusions
Designing a stiffness tailored structure that deforms to produce

a nearly elliptical lift distribution can reduce induced drag. This
appears to be particularly effective at high subsonic airspeeds where
aeroelastic effects are more pronounced. Active control, coupled
with laminate stiffness tailoring of the wing structure, can further
reduce induced drag with small actuator deformations. A closed-
form solution exists for the actuator input to minimize induced drag
at subsonic airspeeds.

At some airspeeds, controllers become ineffective when required
to redistribute the spanwise lift distribution to create an elliptical
lift distribution. These airspeeds can be determined by solution of
an eigenvalue problem. Formal optimization techniques can help
the designer to identify laminate stiffness combinations and full-
span compliant actuator deformations when the closed-form solu-
tion does not produce a satisfactory answer.
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